
14. Valós anaĺızis gyakorlat, 2023. november 7. 1605–1739

14.1. Igazoljuk, hogy x ̸= kπ esetén

cosx+ cos 3x+ cos 5x+ . . .+ cos(2n− 1)x =
sin 2nx

2 sinx
.

14.2.

lim
x→0

(
1

x sin(3x)
− 1

3x sinx

)
=?

14.3. Ellenőrizzük a defińıcióból, hogy az
1

x
függvény differenciálható, és a deriváltja − 1

x2
.

14.4. Milyen a > 0 szám esetén differenciálható az

f(x) =

|x|a sin 1

x
ha x ̸= 0

0 ha x = 0

függvény a 0-ban?

14.5. Bizonýıtsuk be, hogy minden nemnegat́ıv egész n-hez léteznek olyan, n-edfokú Tn(x) és Un(x)
polinomok, amelyekre

Tn(cos t) = cosnt, illetve Un(cos t) =
sin(n+ 1)t

sin t
,

továbbá
Tn+1(x) = 2xTn(x)− Tn−1(x) és Un+1(x) = 2xUn(x)− Un−1(x).

(Ezek az úgynevezett első- és másodfajú Csebisev-polinomok.)

Házi feladatok

14.6.
sinx+ sin 2x+ sin 3x+ . . .+ sinnx =?

14.7. (a) Fejezzük ki sinx-et és cosx-et csak tg
x

2
-vel.

(b) Fejezzük ki sinx-et és cosx-et csak ctg
x

2
-vel.

14.8.

lim
x→0

1− cosx

x2
=?

14.9. Ellenőrizzünk minél többet a túloldalon található azonosságokból.

Szorgalmi (́ırásban beadható, Pedál Medál Pirospontra beváltható) feladat
Beadható nov. 18-ig

PM14. Egy legfeljebb n-edfokú p polinomra tetszőleges x ∈ [−1, 1] esetén |p(x)| ≤ 1. Igazoljuk,
hogy x > 1 esetén |p(x)| ≤ Tn(x).



Trigonometrikus azonosságok

cos2 x+ sin2 x = 1; sin(kπ) = 0; cos(kπ) = (−1)k; sin(kπ +
π

2
) = (−1)k; cos(kπ +

π

2
) = 0;

cos(x+ π) = − cosx; sin(x+ π) = − sinx; cos(x+ 2π) = cos x; sin(x+ 2π) = sinx;

cos(π − x) = − cosx; sin(π − x) = sinx; cos(−x) = cos x; sin(−x) = − sinx;

sin(
π

2
− x) = cos x; sin(

π

2
+ x) = cos x; cos(

π

2
− x) = sinx; cos(

π

2
+ x) = − sinx;

sin(x+ y) = sinx cos y + cosx sin y; sin(x− y) = sinx cos y − cosx sin y;

cos(x+ y) = cos x cos y − sinx sin y; cos(x− y) = cos x cos y + sinx sin y;

sin 2x = 2 cos x sinx; cos 2x = cos2 x− sin2 x = 2 cos2 x− 1 = 1− 2 sin2 x;

tg(x+ y) =
tg x+ tg y

1− tg x tg y
; tg(x− y) =

tg x− tg y

1 + tg x tg y
; tg 2x =

2 tg x

1− tg2 x

ctg(x+ y) =
ctg x ctg y − 1

ctg x+ ctg y
; ctg(x− y) =

ctg x ctg y + 1

ctg y − ctg x
; ctg 2x =

ctg2 x− 1

2 ctg x

cos2
x

2
=

1 + cos x

2
; sin2 x

2
=

1− cosx

2
; tg

x

2
=

sinx

1 + cos x

cosx cos y =
cos(x+ y) + cos(x− y)

2

sinx sin y =
cos(x− y)− cos(x+ y)

2

sinx cos y =
sin(x+ y) + sin(x− y)

2

sinx+ sin y = 2 sin
x+ y

2
cos

x− y

2
; sinx− sin y = 2 cos

x+ y

2
sin

x− y

2

cosx+ cos y = 2 cos
x+ y

2
cos

x− y

2
; cosx− cos y = −2 sin

x+ y

2
sin

x− y

2

Hiperbolikus trigonometrikus azonosságok

chx =
ex + e−x

2
; shx =

ex − e−x

2
; ch2 x− sh2 x = 1

thx =
shx

chx
=

e2x − 1

e2x + 1
=

1− e−2x

1 + e−2x
; cthx =

chx

shx
=

e2x + 1

e2x − 1
=

1 + e−2x

1− e−2x

sh(x+ y) = shx ch y + chx sh y; sh(x− y) = sh x ch y − chx sh y;

ch(x+ y) = chx ch y + shx sh y; ch(x− y) = chx ch y − shx sh y;

sh 2x = 2 chx shx; ch 2x = ch2 x+ sh2 x = 2 ch2 x− 1 = 1 + 2 sh2 x;

th(x+ y) =
thx+ th y

1 + th x th y
; th(x− y) =

thx− th y

1− thx th y
; th 2x =

2 thx

1 + th2 x

cth(x+ y) =
1 + cth x cth y

cthx+ cth y
; cth(x− y) =

1− cthx cth y

cthx− cth y
; cth 2x =

cth2 x+ 1

2 cthx

ch2 x

2
=

chx+ 1

2
; sh2 x

2
=

chx− 1

2
; th

x

2
=

shx

chx+ 1
=

chx− 1

shx
; cth

x

2
=

chx+ 1

shx
=

shx

chx− 1

ar sh x = log
(
x+

√
x2 + 1

)
; ar chx = log

(
x+

√
x2 − 1

)
;

ar th x =
1

2
log

1 + x

1− x
; ar cthx =

1

2
log

1− x

1 + x
...


